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Figure 8. (A) Stationary
distribution of the allele fre-
quency in the Wright-Fisher
model, when the mutation
rate is small (✓ = 0.1) and
large (✓ = 1.0). (B) Sta-
tionary distribution for ↵ =
1.5, when the mutation rate
is small (✓ = 0.1) and large
(✓ = 1.0). (C) The time-
series of the allele frequency
in the case of ↵ = 1.5, when
the stationary distribution is
bimodal (✓ = 0.1) and uni-
modal (✓ = 1.0). (D) The
position of the peak near x =
0 of the stationary distribu-
tion versus the mutation rate
µ. N = 104 is used.

contributions to the seed pool and binomial sampling
from the seed pool, we have

wN (y|x) =

Z
dM

Z
dW PMUT(M ;xN)PWT(W ; (1� x)N)

⇥Prbinom.(yN,N,
M

M +W
).

(13)

Here, PMUT(M ;xN) is the probability density that the
sum of xN random mutant o↵spring numbers takes the
value M , PWT(W ; (1 � x)N) is that for the wild type,
and Prbinom. is the probability of getting yN successes
in N trials with success probability M

M+W . First, we will

focus on the neutral case, for which PMUT and PWT are
the same function, i.e., PMUT(·) = PWT(·).

While the resampling distribution wN may in general
behave in complex ways, it has few options in the large
N limit. These constraints emerge from two asymptotic
simplifications. First, since M and W are the sums of
many random variables, PMUT and PWT tend to sta-
ble distributions as described by the generalized central
limit theorem [29, 50] (see also Appendix A for a brief
description of the theorem). Second, the fluctuations as-
sociated with binomial sampling become negligible com-
pared with those induced by o↵spring number contribu-
tions to the seed pool, provided that the o↵spring distri-
bution is su�ciently broad, i.e., ↵  2. Thus, we can re-
place Prbinom.(yN,N, M

M+W ) with a Dirac delta function,

�(y� M
M+W ). By using these facts and evaluating the in-

tegral in Equation 13 (see Appendix B for details), we
obtain a simple analytical expression of wN (y|x), which
is valid in the large N limit: When ↵ = 1 [31],

wN (y|x) =
1

logN

x(1� x)

(x� y)2
. (14)

When 1 < ↵ < 2,

wN (y|x) =

(
N1�↵C↵ x(1� x) (1�y)↵�1

(y�x)↵+1 when x < y

N1�↵C↵ x(1� x) y↵�1

(x�y)↵+1 when x > y,

(15)

where C↵ ⌘ ↵
�
↵�1
↵

�↵
.

To obtain the continuum description, we must appro-
priately scale the time t with the population size N [28].
The characteristic timescale (coalescent timescale) Tc can
be read from the dependence of the transition density on
N . [31] showed that, when ↵ = 1, the resulting limiting
process is described by

@

@⌧
P (x, ⌧) = �

@

@x
V (x)P (x, ⌧)

+

Z
dx0(w(x|x0)P (x0, ⌧)� w(x0

|x)P (x, ⌧)),

(16)

where the jump kernel w(x0
|x) is given by

w(x0
|x) =

x(1� x)

(x� x0)2
, (17)

and the advection (bias) term V (x) is given by

V (x) = �P.V.

Z
dx0(x0

� x)w(x0
|x) = x(1� x) log

x

1� x
,

(18)

where P.V. denotes the Cauchy principal value. It is
easy to check that Equation 18 satisfies the neutrality
condition @

@⌧ hXi = 0.
To develop intuition, it is useful to interpret the dif-

ferent terms in Equation 16. First, V (x) has a form of


